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ABSTRACT. Extending work of Puninski, Puninskaya and Toffalori in
[PPT07], we show that if V' is an effectively given valuation domain then
the theory of all V-modules is decidable if and only if there exists an
algorithm which, given a,b € V, answers whether a € rad(bV'). This was
conjectured in [PPT07] for valuation domains with dense value group
where it was proved for valuation domains with dense archimedean value
group. The only ingredient missing from [PPT07] to extend the result to
valuation domains with dense value group or infinite residue field is an
algorithm which decides inclusion for finite unions of Ziegler open sets.
We go on to give an example of a valuation domain with infinite Krull
dimension which has decidable theory of modules with respect to one
effective presentation and undecidable theory of modules with respect
to another. We show that for this to occur infinite Krull dimension is
necessary.

1. INTRODUCTION

Throughout this paper all rings have 1 and all modules are unital. Unless
otherwise indicated modules are right modules.

In [PPT07] Puninski, Puninskaya and Toffalori conjectured that the theory
of modules of an effectively given valuation domain V with dense value
group is decidable if and only if there is an algorithm which, given a,b € V,
answers whether there exists an n € N such that a™ € bV, that is answers
whether a € rad(bV'). We show that this conjecture is unconditionally true,
i.e. without any restriction on the value group of V' (theorem . This is
the main result of our paper.

For valuation domains with non-archimedean dense value groups or infinite
residue fields the only ingredient missing from the proof in [PPT07] is an
algorithm which decides whether inclusions hold for finite unions of Ziegler
basic open sets. We explicitly describe such an algorithm in section

On the other hand, when V has non-dense value group and finite residue
field, the number of indecomposable pure-injective modules with finite but
not equal to 1 Baur-Monk invariant sentences increases significantly. The
proof in [PPT07] for a valuation domain with dense value group and finite
residue field uses the fact that for each Baur-Monk invariant |¢ /1| there are
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only finitely many indecomposable pure-injective modules (up to isomor-
phism) with |¢/1| finite and not equal to 1. For valuation domains with
non-dense value group this is no longer true. Luckily, this problem is still
not too combinatorially difficult (see section @

In section [5| we discuss duality for the Ziegler spectrum of a valuation
domain. Prest [Pre88l Chapter 8] defined the dual Dy of a pp-formula ¢.
This map induces a lattice anti-isomorphism between the lattice of right and
left pp-formulae of a ring such that D?p = . Herzog in [Her93] extended
this notion to a lattice isomorphism from the lattice of open sets of the
right Ziegler spectrum Zgp of a ring R to the lattice of open sets of the left
Ziegler spectrum grZg of R. It is not known in general whether this map
is induced by a homeomorphism. If there is such a homeomorphism, we
call it a duality homeomorphism. Note that for a commutative ring R this
will in general be a non-trivial automorphism of Zgp. We give an explicit
duality homeomorphism for the Ziegler spectrum of a valuation domain.
We use Herzog’s results to show that if D : Zgr — rZg is such a duality
homeomorphism then for all pairs of pp-formulae ¢/¢ and all N € Zgp,
lo(N)/W(N)| = |DY(DN)/Dp(DN)|. This is used in section [f] to reduce
the number of indecomposable pure-injective modules N for which we need
to explicitly calculate |p(N)/¢(N)].

In the final section we give an example of a valuation domain V' with infinite
Krull dimension which has undecidable theory of modules with respect to
one effective presentation and decidable theory of modules with respect to
another. We do this by constructing a recursive totally ordered abelian
group in which the relation

a > fif and only if Vn |a] > n|f|

is not recursive. We note that if V is an effectively given valuation domain
with finite Krull dimension then its theory of modules is decidable.

Throughout this paper, for a set X, |X| denotes the number of elements of
X if X is finite and oo otherwise. We will use N to denote the set of natural
numbers not including zero and Ny to denote the set of natural numbers
with zero included.

2. BACKGROUND

For general background on model theory of modules see [Pre88].

Let R be a ring. Let Lr := {0,+,(r)cr} be the language of (right)
R-modules and Tr be the theory of (right) R-modules. A (right) pp-n-
formula is a formula of the form

3y (,7)A =0
where [, n, m are natural numbers, A is an ([ + n) X m matrix with entries
from R, and ¥ is an [-tuple of variables and 7 is an n-tuple of variables.
The solution set (M) of a pp-n-formula ¢ in an R-module M is a subgroup

of M™.
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Up to Tr-equivalence, the set of pp-n-formulae, in Lg, is a lattice with
respect to implication with the join of two formulae ¢, given by

and the meet given by ¢ A ¢. A pp-pair /¢ is simply a pair of pp-1-
formulae.

Let ¢, be pp-1-formulae and n € N. There is a sentence, |p/¢| > n in
the language of (right) R-modules, which expresses in every R-module M
that the quotient @(M)/p A (M) has at least n elements. Such sentences
will be referred to as invariant sentences. We will write |¢/¢| = n for
the sentence |@/¢| > n A =(J¢/¢| > n+1). For an R-module M, we will
write |@(M)/¢(M)| > n instead of M = |@/¥| > n. We will also write
|o(M)/p(M)| = oo to mean that |@(M)/y(M)| > n for all n € N. This
final statement is of course not necessarily expressed by a first order sentence
in the language of R-modules.

Theorem 2.1 (Baur-Monk Theorem). [Pre88] Let R be a ring. Every sen-
tence x € Lg is equivalent to a boolean combination of invariant sentences.

The above theorem together with the fact that the theory of modules of
a recursively given ring R is recursively axiomatised means that, in order
to show that the theory of R-modules is recursive, it is enough to show
that there is an algorithm which given a boolean combination of invariant
sentences x answers whether there is an R-module in which y is true.
A pp-type is a set of pp-formulae. If M is an R-module and a € M then
the set of pp-formulae satisfied by a in M is called the pp-type of a. We
say a pp-type is complete if it is the pp-type of an element of a module or
equivalently if it is closed under implications (with respect to the theory of
all R-modules) and conjunctions.
A pure-embedding between two modules is an embedding which preserves
and reflects the solution sets of pp-formulae. We say a module N is pure-
injective if for every pure-embedding g : N — M, the image of N in M
is a direct summand of M; equivalently, it is injective with respect to pure-
embeddings. For every R-module M, there exists a pure-injective module
M such that M is a pure-submodule of M and for all pure-injectives M’
and all pure-embeddings f : M < M’ there is an extension of f embedding
M purely into M’. Moreover, M is unique up to isomorphism over M. We
denote this module by PE(M) and call it the pure-injective hull of M.
All modules are elementary equivalent to their pure-injective hull [Pre88|,
Theorem 4.21]. Every module is elementary equivalent to a direct sum of
indecomposable pure-injective modules [Pre88, Corollary 4.36]. Combining
this fact with the Baur-Monk theorem and that the solution sets of pp-
formulae commute with direct sums we get that any sentence x in the
language of R-modules is true in some module if and only if it is true in
some finite direct sum of indecomposable pure-injective modules.
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The (right) Ziegler spectrum of a ring R, denoted Zgp, is a topological
space whose points are isomorphism classes of indecomposable pure-injective
(right) modules and which has a basis of open sets given by:

(p/¥) ={M | (M) 2 »(M) N (M)}

where ¢, 1 range over (right) pp-1-formulae. The left Ziegler spectrum rZg
of a ring is defined analogously.

A commutative integral domain V is called a valuation domain if the
lattice of ideals of V is a chain. This implies that a subset I of V is an
ideal of V' if and only if for all » € V and a € I, ar € I. Note that the
finitely generated ideals of V' are principal. Throughout we will assume that
V is not a field (the theory of K-vector spaces for a recursively given field
K is decidable). Unless otherwise stated, V' will always denote a valuation
domain and m will denote its unique maximal ideal. The field V/m is called
the residue field of V. Let @ be the field of fractions of V and U the
multiplicative group of units of V. The (multiplicative) quotient group
Q* /U ordered by aU < bU if and only if b/a € V is called the value
group of V.

The reader should note that the value group of V is dense if and only if
the maximal ideal of V' is not principal. For more background on valuation
domains see [FS01, Chapter II].

3. DECIDABILITY AND MODULES

Let R be a non-finite ring. The theory of R-modules, Tg, is decidable
if there is an algorithm which, given a sentence x in Lp, answers whether
Xgr € Tr or not. Since algorithms and their formalisms (Turing machines,
partial recursive functions etc) are usually expected to take natural numbers
as input and output natural numbers, in order to talk (formally) about
decidability of Tr we must have some way of converting ring elements into
natural numbers. So we assume that our algorithms are implemented with
respect to a surjective function m : N — R. Of course this means that R
must be countable.
We now discuss conditions we must impose on 7 in order to have any hope
of Tr being decidable. For more details see [Pre88|, Chapter 17]. Firstly, for
all 7,79 € R, 11 = ro if and only if T | Vz(zr; = are). So we must be
able to decide equality of elements and therefore, may as well assume that
7 is a bijection. For similar reasons, we must assume that given a,b € R we
can compute a + b and a - b. Thus we assume that + and - induce recursive
functions on N via w. Finally, for all » € R, r is a unit in R if and only
if Tp = Vo(zr =0 — = = 0). Thus we must be able to compute whether
an element is a unit or not. Thus, we assume that the inverse image of the
units of R under 7 is a recursive subset of N.
Note that for a valuation domain V' the set of units of V is exactly the
complement of m. Thus we get the following definition (which is obviously
equivalent to the definition given in [PPT07]).
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Definition 3.1. An effectively given valuation domain is a (countable)
valuation domain V together with a bijection m : N — V such that the
pre-image of the mazximal ideal of V under w is a recursive set and addition
and multiplication induce recursive functions on N via w. We call the map
m an effective presentation of V.

Note that this implies that there is an algorithm (with respect to 7) which
given a,b € V either computes ¢ such that a = bc or decides that such a c
does not exist [PPT07, Remark 3.2] and that there is an algorithm (with
respect to 7) which given a unit a € V outputs a~! [PPT07, Remark 3.1].
We will work with an informal notion of algorithm, in the knowledge that,
given the time and inclination, we could rewrite all proofs in terms of
recursive functions.

The following lemma is the easy direction of our main theorem and occurs
as lemma 9.1 of [PPT07] with the restriction that R is a valuation domain.
This restriction is unnecessary, so we include a proof.

Lemma 3.2. Let R be a countable commutative ring together with a bijection
7w : R — N with decidable theory of modules (with respect to w). Then there
is an algorithm which, given a,b € V decides whether a € rad(bR).

Proof. Claim:
Tr = 3x(x #0Ax2b=0) = Jy(y # 0 Aza =0)

if and only if
a € rad(bR).

First suppose that a € rad(bR). There exists an n € N such that a™ € bV.
Suppose N is an R-module and x € N such that x # 0 and zb = 0.
Then xa™ = 0. Take m least such that xa™ = 0, then (xa™ !)a = 0 and
xa™ 1 £ 0.

Now suppose that

Tr EJr(x #0AN2b=0) = Jy(y # 0 A za =0).

Note that if b is a unit in R then a € rad(bR) = R for all a € R. Let p< R
be a prime ideal such that b € p (throughout, we write I < R to indicate
that I is an ideal of R). Then 1+ p € R/p is annihilated by b and non-zero.
Hence there exists y € R\p such that ya € p. Therefore a € p. Thus a € p
for every prime ideal p containing b. Hence a € rad(bR) since rad(bR) is the
intersection of all prime ideals containing b. ([

4. ALGORITHMS AND THE ZIEGLER SPECTRUM

In this section we show that if V' is an effectively given valuation domain
with an algorithm which, given a,b € V| answers whether a € rad(bV') then

there exists an algorithm which given n € N; a pp-pair ¢ /1 and n pp-pairs
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¥ /&, answers whether
(o/) € U (9:/&) -

For any n € N, pp-1-formulae ¢, ¥ and pp-1-formulae 4¥;,&; for 1 < ¢ < n,

Tr E - (‘ ‘ >1ANAL, ‘5 ‘ ) is equivalent to (¢/v) C Ui, (0:/&)-
Hence, decidability of T implies we can effectively decide whether (¢/1)) C

Uizy (9:/€).

We start by recalling some facts about Ziegler spectra of valuation domains.

Lemma 4.1. [PPT07, Lemma 3.3 and Corollary 3.4] Let V' be an effectively

given valuation domain. There exists an algorithm which, given a pp-1-

formula ¢, produces a formula of the form Y ! | (za; = 0 A bjlx) equivalent

to ¢ and produces a formula of the form N, (xc; = 0+ d;|z) equivalent to

©.

Lemma 4.2. [Pun99][PPT07, Corollary 4.3] The collection of open sets
Wapgh = ((vag = 0) A (blz)/(za = 0) + (bh|z))

for non-zero a,b € V and g,h € m form a basis for Zg, .

Moreover, if V is effectively given then there exists an algorithm which, given

o/ a pp-pair, returns the symbol O if (¢/1)) is empty and otherwise returns
n €N, a;,b; € V\{0} and gi, h; € m such that

(p/¥) = U Waibigishi-

A pair over a valuation domain is a pair of proper ideals (I, .J). To each
pair over V', we can associate a pp-type

p(I,J)={xb=0|bel}U{alx|a¢ J}.

Recall that every complete pp-type is realised in a (unique up to isomor-
phism) minimal pure-injective module, denoted N(p) (see [Zie84, Theorem
3.6] or [Pre88|, Theorem 4.12]). We say a complete pp-type is indecompos-
able if N(p) is indecomposable. We say that (I,J) ~ (K, L) if there exists
non-zero a € R such that at least one of the following holds:

(1) Ia = K and J = La or

(2) I =Kaand Ja=1L

Lemma 4.3. [Pun99] Every pp-type p(I, J) has a unique extension to a com-
plete indecomposable pp-type and every indecomposable pp-type arises in this
way. We write N(I,J) for the unique (up to isomorphism) indecomposable
pure-injective realising p(I,J). Moreover, for two pairs (I,J) and (K, L)
over V., N(I,J) is isomorphic to N(K, L) if and only if (I,J) ~ (K, L).

From now on we will write (/, .J) for both the equivalence class of (I, J) with
respect to ~ and the corresponding isomorphism class of indecomposable

pure-injective modules. We will refer to (I,.J) as a point or a point in
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Zgy. So, (I,J) € Wqp g if and only if there exists a pair (K, L) such that
(K,L) ~(I,J)yand a ¢ K,b¢ L,ag € K and bh € L. We will write N(I,J)
only when we want to emphasise that points in the Ziegler spectrum are
modules.

Let R be a commutative ring, / < R and a ¢ I. Define

(I:a):={reV |arel}.

It is easy to see that for I, J <1V proper ideals of a valuation domain and
a ¢ J, we have that:

(1) ITa=Jifand only if I = (J : a).

We can now reformulate ~ in terms of ideal quotients (this follows directly
from (T))):
Let (I,J) and (K, L) be pairs over V. We have that (I, J) ~ (K, L) if and
only if at least one of the following holds:

(i) there exists a ¢ K such that [ = (K :a) and J = La

(ii) there exists a ¢ L such that I = Ka and J = (L : a).

Using the above observation we can now reformulate what it means for a
point in Zgy, to be contained in a basic open set:

Lemma 4.4. Let a,b € V\{0} and g,h € m. A point (I,J) is in Wyp g if
and only if one of the following holds:

(i) there exists v ¢ I such thata ¢ (I :7),b¢ Jr,ag € (I :r) and bh € Jr;
(ii) there exists s ¢ J such that a ¢ Is,b ¢ (J :s),ag € Is and bh € (J : s).

The lemma below shows that in fact the open sets of the form Wi ) g n,
where A € V\{0} and g, h € m, are a basis for Zg,, .

Lemma 4.5. Let a,b € V\{0}, g,h € m and (I,J) a point in Zgy. The
following statements are equivalent:

(i) (I, J) S me’g’h,
(ii) (I, J) S Wl,ab,g,h;
(i) (I,J) € Wab1,9,n-

For a proper ideal I <1V, let I# be the prime ideal Uagr(1 @ a). Note that
for all proper ideals I,J <V, a € V\{0} and b ¢ I, we have (Ia)* = I,
(I:b)% =1I# and (IJ)* = I NJ# (see [FS01, Lemma 4.6] for a proof). If
p is a prime ideal then p* = p.

We will use the following simple remark without comment.

Remark 4.6. Let I <<V be a non-zero proper ideal of V. The following are

equivalent:
(@)r¢I (b)rmDI (c¢)ri? D1.

Theorem 4.7. [Grel3, Theorem 4.3] Let A € V\{0} and g,h € m. Let
(I,J) be a point in Zgy . The following are equivalent:

(i) (I,J) € Wixg.h



(ii) \gh € IJ, g € I, h € J# and (I,J) € Wi x00-

The condition ¢ € I*# simply means that there is some non-zero element
a € N(I,J) such that ag = 0. Similarly the condition h € J# means
that there is some a € N(I,J) which is not divisible by h. The condition
(1,J) € Wix00 = Wi,1,00 means exactly that A\ ¢ anny N (I, J).

Note that (I,J) € Wy x0,0 always implies A ¢ IJ [Grel3, Lemma 4.2] but
the converse is not always true. This motivates the following definition.

Definition 4.8. We say a point (I,J) in Zgy is normal if for all X ¢ 1J,
(I,J) € Wix0,0- Otherwise we say (I,J) is abnormal.

In terms of modules, N(I,.J) is abnormal if and only if anny N (I,J) D I.J.

Lemma 4.9. [Grel3, Lemma 4.5] Let (I,J) be a point in Zgy such that
I# & J#. Then for all A\ € V\{0}, (I,J) € Wi 00 if and only if X & 1.J.
That is, if I # J# then (I,J) is normal.

Lemma 4.10. [Grel3l Lemma 4.9] Let (I,J) be an abnormal point with

I# = J# =yp. Then (I,J) € Wixgn if and only if \p 2 IJ, A\gh € 1],

g e I* and h € J*.

Thus, up to topological indistinguishability, a point (I,.J) is completely

determined by I.J, I#, J# and whether or not it is abnormal.

The following proposition determines all abnormal points up to topological

indistinguishability.

Proposition 4.11. [Grel3| Proposition 4.10] Let p <V be a prime ideal.
(i) If p> #p and a € V\{0} then the point (p,ap) is abnormal.

(ii) For all non-zero a € p there is an abnormal point (I,.J) such that
IJ =ap and I#* = J# =p.

(iii) Let (I,.J) be an abnormal point with I* = J# = p. There exists
non-zero a € p such that IJ = ap.

Lemma 4.12. Let p <V be such that p?> = p. Then, for all a € V\{0}, the
point (p,ap) is normal.

Proof. Let A € V\{0}. Then (p,ap) € Wi 0,0 if and only if there exists
t ¢ p such that A ¢ atp. Since t ¢ p, atp = ap. Thus (p,ap) € Wy r 0,0 if
and only if A ¢ ap = ap®. So, (p,ap) is normal. O

We are now ready to start to construct an algorithm which, given n € N,
A f1y oot € VA{0} and g, b, ay, ..., an, b1, ..., by, € m, answers whether

n
W17)‘7g7h g U Wl7l"’i7aiybi'
i=1
We start by showing that it is enough to check the inclusion on finitely many
subspaces of the form

Xpq:={(,J) € Zgy | I" =p and J# = q}
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where p,q <V are prime ideals. Moreover, we show that we can compute,
given A\, pi1,.....tin, € V\{0} and g, h,aq,...,an,b1,...,b,, a finite set of ele-
ments ci,...,¢,, € m such that it is enough to check the inclusion for the
subspaces X where p = rad(¢;V') and q = rad(c;V).

Definition 4.13. Lett € m. Denote by p; the smallest prime ideal contain-
g t.

Note that, for any t € m, the ideal p; exists since the ideals of a valuation
domain are totally ordered and note that p; is exactly the radical of tV.

Definition 4.14. Suppose z,y € V. If x divides y in V, write y/x for the
quotient in V. We define < x,y > as

oy YT el
x/y otherwise.

If V is effectively given then this function is computable.
We have split the proof of the following proposition into two lemmas the
first dealing with normal points and the second with abnormal points.

Proposition 4.15. Let n € N, A € V\{0}, g,h € m and for each natural
number 1 <1i <n let u; € V\{0}, a;,b; € m. The following are equivalent:
(1) 8
W17>\7g7h g U leu/%ahbi
i=1
(2) For all p =rad(tV) and q = rad(sV)

n
W11>\797h m vaq g U Wluuizai:bi m vaq
i=1
where s, t €< T, T > Nm and
T :={piab; , u; | 1<i<n}U{l,X,qg,h, Agh}.

Lemma 4.16. Letn € N, A € V\{0}, g, h € m and for each natural number
1 <i<nletp € V\{0}, a;,b; € m. If there exists (I,J) a normal point
such that (I,J) € Wixgn and (I,J) & Uy Wi a0, then there exists a
point (K,L) € Wiagn and (K,L) ¢ Uy Wi a0, Such that K# =yp,,
L# = p, where r =< z,y >€ m and s =< u,w >€ m and x,y,u,w are
taken from the set

Proof. By definition, a normal point (I,J) is such that (I,J) & Wi ;44 if
and only if either u € I.J, pab ¢ I.J, a ¢ I* or b ¢ J¥. Therefore, if
(I,J) & Uiy Wh s 0.5, then for each 1 < i < n, either p; € IJ, pja;b; ¢ IJ,
a; ¢ 1™ or b; ¢ J7.

Suppose (I, J) € Wiz g, is normal and (1, J) ¢ Uy Wi, a0.6:-

Let p1 € {)\, ,ulalbz | ,ulalbl ¢ IJ} be such that A\ divides P1 and if uzazbl ¢ 1J
then yi;a;b; divides p;. Note that, since (1, J) normal and (I,J) € Wi g.n,
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A ¢ IJ. Thus py ¢ IJ. Moreover, for any ideal K <V, p; ¢ K implies
A ¢ K and if pia;b; ¢ I1J then pa;b; ¢ K.

Let py € {A\gh, i | pi € IJ} be such that py divides Agh and if p; € I.J then
po divides yi;. Note that, since (I,J) € Wi\ g.n, Agh € IJ. Thus ps € IJ.
Moreover, for any ideal K <1V, po € K implies A\gh € K and if y; € I.J then
w € K.

Since py ¢ I.J and py € I1.J, py = pit forsomet € V and t € (IJ)# = I#NJ#
by definition of (I.J)#.

Note that if a; ¢ I# then a; ¢ Py Uy since pgUpy C I# and if b; ¢ J# then
bi & pp, Uy since pp, Up, C J7.

We now split the proof into two cases.

Case 1: pgUpy # pp Uy, or pgUpy = pp Upy and (pg Upe)? = py Uy

The point (pgy U ps, p1(pp Upe)) is @ normal point (see lemmas and
and

(Pg Upe) - (P Upt) = (Pg Ups) N (pr U py)-

Sot € (pgUpt) - (prUpe).

The point (pg U ps, p1(pr Upt)) € Wi gn since g € pg Upg; h € pp U py;
p1 & p1(pg Upe) - (pr U pe) implies A ¢ p1(pg Upe) - (pr Upe) and po = pit €
p1(Pg Upt) - (pr U ) implies Agh € p1(pg U pt) - (pr U pe).

It remains to show (pg U ps, p1(0a UPt)) € Wi, a:0, for all 1 <i < n.

As remarked above, if a; ¢ I then a; ¢ (pg Upy) and if b; ¢ J# then
bi ¢ (pn Upy). Since pr ¢ pi(pg U py) - (pr U pe), if piasb; ¢ IJ then
piaib; & pr(pg Upe) - (br U py). Since pa € pi(pg Ups) - (pr Upe), if g € 1J
then p; € pi(pg Ups) - (pp U pe). Therefore, since (pg U py, p1(pp U py)) is a
normal point, for all 1 <4 <n, (bg Ups, p1(pn UPe)) € Wi, as,b;-

Case 2: p:=py,Ups=ppUp; and p2 £ p
Since p # p?, if K 9V is such that K# = p then K = ap for some
a € V\{0}. So, by propositionm (i), any point (K, L) with K# = L# =p
is necessarily abnormal.
First suppose that Agh € pip?. Since p1 € p1p, we have A € pip. So Ap D
p1p 2 pip?. By definition of p, g,h € p. By lemma (p,p1p) € Wi xg.h-
As in the first case, if a; ¢ I7 then a; ¢ p and if b; ¢ J# then b; ¢ p. If
w; € 1J, then, since pa € p1p, 1; € p1p and hence p1p2 D wip. If piab; ¢ 1J,
then, since p; ¢ pip, pia:b; ¢ pip and hence p;a;b; ¢ pip?. So, for all
1 < i < n, either a; ¢ p, b; ¢ p, piab; ¢ pip? or p1p? 2 pp. Thus, by
lemma forall 1 <4 <mn, (p,p1p) € Wi, .a:b;-
Now suppose that Agh ¢ pip?. Since h € p, A\g & p1p. Thus p D Ap D p1p.
Therefore p; € p.
Therefore, by proposition [4.11] (iii), there exists an abnormal point (K, L)
with K# = L# = p and KL = p1p.
Since p2 € p1p, Agh € p1p. We have already noted that Ap 2 p1p. So, since
g,h €p, lemma implies that (K, L) € Wi ) g.n-
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Since po € p1p, if p; € IJ then u; € p1p. Since p1 & p1p, if pa;b; ¢ I1J, then
wiab; ¢ KL. So, for all 1 < i < n, either a; ¢ p, b; ¢ p, pa;b; ¢ p1p or
Wi € pip. Thus, by lemmafor all 1 <i <n, (K,L) & Wi 1 a:,:-
Finally note that p; Up, = p, and p; U pp = ps for some r =< z,y > and
s =< u,v > where z,y,v,u are taken from the set:

{1, A, 9, htU{pi, piabi | 1 <i<n}. O

Lemma 4.17. Let n € N, A € V\{0} and g,h € m and for each natural
number 1 < i < n let u; € V\{0} and a;,b; € m. If there exists (I,J) an
abnormal point such that (I,J) € Wi gn and (I,J) ¢ Ui_y Wi iaib; then
there exists a point (K, L) € Wi\ gn and (K,L) & \U;_y Wi i,a:,6; Such that
K# =y, L¥# =p, where r =< z,y > and s =< u,w > and x,y,u,w are
taken from the set

{piaib; , pi | 1<i<n}U{l,X,g,h, Agh}.

Proof. First note that since (I, J) is abnormal, by lemma I#* = J#. Let
p=I7.
We now choose p,d € V' as follows:
Suppose there exists 1 < ¢ < n such that (1,J) € Wi, 00- Let p = 4,
for some 1 < ip < n such that (I,.J) ¢ Wi, 00 and p;, divides p; for all
1 <@ < nsuch that (1,J) € Wi 4,.00-
It is easy to check that if a,b € V\{0} and a|b then W} 400 € Wi 4,0,0. SO,
for any pair (K, L) ¢ Wi 00, if 1 <@ < n is such that (I,J) € Wi 4,00
then (K, L) ¢ Wi, 00- Ifforall 1 <i<mn, (I,J) € Wi .00, let p=0.
Suppose there exists 1 < i < n such that p;a;b; ¢ IJ. Let d = pj,a;,b;, for
some 1 <ip < n such that p;,a;,b;, ¢ IJ and p;a;b; divides g a;,b;, for all
wiaib; ¢ IJ. Note, this means for any ideal K, if d ¢ K and 1 <1i < n is
such that p;a;b; ¢ IJ then p;a;b; ¢ K. If for all 1 < i < n, pa;b; € IJ, let
d=1.
If uw € 1J then set p; = X if d|\ and p; := d otherwise, set ps := Agh if
Agh|p and po := p otherwise. Then proceed as in the proof of lemma
Otherwise, pu ¢ IJ and (I,J) ¢ Wi 40,0 Thus pp 2 IJ and by lemma
I1J D pp. Thus Ap 2 pup = IJ 2 AghV and p # 0. Note that p € p since
p2Ap 2 pp.
We now choose t € V and v € V as follows:
Let t € V be such that 4 = At and v € V such that Agh = pvy. Let
q:=psUpy UpyUpp. Note that t,7,9,h € p. So p 2 q. By proposition [£.1]]
and since p € q, there exists an abnormal point (K, L) such that KL = ugq.
Since u € Aq, A\q 2 pq. Further A\gh € pug, g € q and h € q. Thus
(K, L) S Wl,)\,g,h-
If a; ¢ p then a; ¢ q and if b; ¢ p then b; ¢ q. Since d ¢ IJ = pup, we have
that d ¢ pq. Thus, if p;a;0; ¢ 1J then p;a;b; ¢ pg. Finally (K, L) € Wi 0,0
So, if (I, J) Qf Wl,m,O,O then (K, L) Qf Wl,u¢,0,0~ Thus (K, L) ¢ WLm’ai’bi for
all 1 <i<n. O
11



We now reinterpret the inclusion

n
WI’A’g’h m Xp7q g U Wlnuiyai’bi m Xp7q
i=1
in terms of inclusions of intervals in the following order.

Definition 4.18. Let a,b €V and p <V be prime. We write
a <p b if and only if b € ap,
a =p b if and only if ap = bp and
a <p b if and only if a <, b or a =y b if and only if bp C ap.

Remark 4.19. (1) If Xy p contains normal points then V' together with
the order <, is dense.
(i) If I <1V and I¥ =p thent ¢ I and s € I implies t <, s.
(i11) Let (I,J) € Xpp be abnormal. Let a € p be such that IJ = ap. Let
g,h€p. Then (I,J) € Wi g if and only if X <, a <, Agh.

Proof. (i) Since X, , contains a normal point p? = p (see proposition
(i) and note that if (I#)2 # I*# then I = aI? for some a € V). Suppose
a <p b. Then b € ap. Let 1,72 € p such that b = ay1y2. Then b € ay1p and
ayr € ap. So a <p ayr <p b.

(ii) Suppose I#* =p, t ¢ I and s € I. Let » € V be such that tr = s. By
definition of I#, r € I#. Thus s € tp. So t <p S.

(iii) Suppose (I,J) € X, is abnormal. Then, by proposition (iii)
I1J = ap for some a € p. So by lemma (I,J) € Wi xg,n means exactly
that Agh € IJ and Ap 2 IJ. Thus Agh >, a and a > A. O

Definition 4.20. Let p <V be prime, t € V and s € p. We define

(t,st)y :={reV |t<,r<, st} and

[t,st)y :={reV |t<,r<, st}
Proposition 4.21. Let V be an effectively given valuation domain. Suppose
p,q <V are prime ideals and that p # q. Suppose X\, u1,.....un € V\{0},
g,01,...;0n € P and h, by, ....b, € q. Then

(A Agh)anp © Uiz [p4, piaibi)arp

if and only if

n
Wingh N Xpq © U Wi iai,bs N Xpg-

i=1
Proof. Because (I,J) € Wi g if and only if (J,1) € Wi py, we may
assume without loss of generality that p C q.
Note that, by lemma all (1,J) € X, 4 are abnormal since p # q.
Suppose

(A Agh)p © Uisy [1his piaibi)p-

We may assume that U ;[p;, ptia:b;)y is an irredundant union.

12



By reordering, we may assume,

piaib; <p pit10i+1bit1
for1 <i<n.
From the irredundancy of U" [, ptia:b;), and the reordering, we get that
i <p Pit1s 1 <p A and Agh <p pinanby.
Take (I,J) € Wipgn N Xpq. So A ¢ IJ and Agh € IJ. We now need to
show that there exists 1 < k < n such that uy ¢ IJ and prarby € I.J.
Since p1 <p A and Agh <, pnanby, p1 ¢ IJ and pnpanby, € 1J.
Let k be least such that pgarby € I.J. Then either k =1 or pg_jap_1bp—1 ¢
IJ. If k = 1, then, since py ¢ IJ, (I,J) € Wi a1p,- If p € IJ then
(Ia J) € leﬂkzakvbk'
Suppose for a contradiction that p, € IJ and & > 1. Then A <, pu,
Pr—10k—1bp—1 <p p and pp_jar_1bg—1 <p Agh, since X ¢ IJ, p € 1J,
pk—10k—1bk—1 ¢ IJ and A\gh € 1J.
Thus there exists d € V such that A <, d <, Agh and pg_1ar_1bp—1 <y
d <p pg. Since d <p pg, d <p p; for all © > k. Since pp_1ar—1br—1 <p d,
piab; <p d for all i < k—1. Sod ¢ (u, piab;] for all 1 < i < n. But,
since A <, d <, Agh, d € [A\, Agh). This contradicts our assumption. Thus
ur ¢ IJ. So (I,J) € WH g san i -
Now suppose that

Wingh N Xpq © U Wi piaib 0 Xpg-
i=1
Suppose d € [\, Agh). Then X ¢ dp and A\gh € dp. Note that dpg = dp. The
point (dp, q) is normal (lemma , since (dp)” = p # q. Thus, by theorem
(dp,q) € Wirgn N Xpq Thus (dp,q) € Wi anb, N Xp,q for some
1 <k <n. So, up ¢ dp and prarby, € dp. Thus py, <, d and d <, prarbs.
Sode Uzn:1[ﬂia///iaibi)p- O

Corollary 4.22. Let V be an effectively given valuation domain. Suppose
p,q<aV are prime ideals such that p # q. Suppose there is an algorithm that
given a € V, answers whether a € p and an algorithm that given a € V,
answers whether a € q. Then for any n € N there is an algorithm that given
A 1y oo, € VA{O} and g, h,ay, ..., an, b1, ...,b, € m, answers whether

n
WL)\,QJL N Xpﬂq g U leﬂi’ahbi N vaq

i=1
Proof. If g ¢ p or h ¢ q then Wi\ g0 N Xpgq = 0. So WiagnNXpq C
U?:l Wipiaib 0 Xpg-
Suppose g € p and h € q. Then (p,Aq) € Wi g since g € p, A ¢ A\q
and A\h € Agq. If, for all 1 < ¢ < n, either a; ¢ p or b; ¢ q then
U?:l Wi saibi N Xpg = 0. Hence Wingh N Xpg ,¢_ U?:l Wiiaibi N Xpg-
Now suppose g € p and h € q and there exists 1 < ¢ < n such that

a; € pand b; € q. Let J be the set of all 1 < ¢ < n such that a; € p
13



and b; € q. Then Wiy gn N Xpq € Uity Wi psaip N Xpyg if and only if
Wingh N Xpq © Uie] Wipiaib 0 Xpg-

By proposition Wingh N Xpq € Uics Winiaibs N Xpq if and only if
[)" )\gh)pmq < Uiej[/‘iv :uiaibi)PﬂCI‘

The existence of an algorithm which, given a € V', answers whether a € pNq
means, since V is effectively given, there exists an algorithm which, given
a,b € V, answers whether a € b(p N q). Therefore, there is an algorithm
which given A\, 1, ..., ux € V\{0} and g, h, a1, ..., ag, b1, ..., by, € pNq, answers
whether [A\, Agh)png € Usc7 1 11iaibi)png- O

Proposition 4.23. Suppose p <V is prime, n € N, A\, u1, ..., un, € V\{0}
and g,h,a1,...,an,b1,....,b, € P. Thennthe following are equivalent:

(1) (A Agh)p € U(,U'ivﬂiaibi)p
iﬁl

(2) Wingh N Xpp © U Wi iaibi N Xpp-
=1

Proof. (1)=(2) Suppose (I,J) € Wi x4 N Xpyp is normal. Suppose, for a
contradiction, that (I,J) & Wi, a5, for all 1 <i < n.

Let S:={1<i<n|pu €lJ}. Let T:={1<i<mn]|pab ¢ IJ}. Thus,
since (I,J) & Wi py.a:p; for all 1 < i < n, we have that either p; € I.J or
wiaib; ¢ IJ for all1 <i<mn. So SUT ={1,2,...,n}.

First we show that neither S nor T is empty. Suppose S is empty. Then
wiaib; ¢ IJ for all 1 <14 <n because SUT = {1,2,...,n}. Since A\gh € IJ,
by remark (i), piasb; <p Agh for all 1 < i < n. This contradicts (1).
Suppose T is empty. Then p; € IJ for all 1 < i < n. Since A ¢ IJ, by
remark (ii), A <p p for all 1 < i < n. This contradicts (1).

Take z; maximal with respect to the <, order such that 21 = p;a;b; for some
i € T. Take zo minimal with respect to the <, order such that zo = p; for
some ¢ € S. Thus z; ¢ I.J and 23 € I.J. So z1 < 2. Since A ¢ IJ, XA <, 2.
Since Agh € 1J, z1 < Agh.

By remark (i), there exists d € (z1,22) N (A, Agh). So, using (1),
d € (ui, piaib;) for some 1 < i < n. But then z; <, d <, pia;b; and
pi <p d <p zo. Thus p; ¢ IJ and pia;b; € 1J.

Thus (2) holds when restricted to normal points. That (2) holds for
abnormal points too follows straightforwardly from remark (iii).
(2)=-(1) This follows directly from remark (iii). O

Corollary 4.24. Let V be an effectively given valuation domain. Suppose
p <V is a prime ideal. Suppose there is an algorithm that given a € V,
answers whether a € p. Then for any n € N there is an algorithm that given
Ay [y e € VA{O} and g, h,aq, ..., an, b1, ..., by, € m, answers whether

n
Wirgh N Xpp € Wiiaib 0 Xpp-
i=1
Proof. Almost exactly as in corollary [£.22] O
14



Lemma 4.25. Let n € N. Let V' be an effectively given valuation domain
such that there exists an algorithm which, given a,b € V, answers whether
a € rad(bV'). Then there exists an algorithm which, given a,b, a;, f; € V\{0}
and g, h,7v;,0; € m for each 1 <1i <n, answers whether

n
Wab,gh & U Weii,Bivinbi-

i=1
Proof. First note for any a,b € V\{0} and g,h € m, Wypgn = Wi abgh-
Suppose n € N, A\, u; ¢ V\{0} and g, h,a;,b; € m. Let T = {< u,v >€
m|uve{l,N,g,h, pab;,u |1 <i<mn}} Notethat T is a finite
set and there is an algorithm which, given A, g, h and p;, a;,0; for 1 < ¢ < n,
computes T since the function <, > and multiplication of ring elements are

recursive.
Then in order to check whether

n
W11>\7g1h g U Wlnu‘i’ai)bi
i=1
by lemma [£.16 and lemma it is enough to check

n
Wl,A:gJL m Xp7q g U Wl,,ui,(li,bi m Xp7q
i=1
for p = rad(tV) and q = rad(sV) for each t,s € T. Note that p C ¢ if and
only if s ¢ rad(tV).
By corollary and corollary there exists an algorithm determining
the truth of the above statement. O

Theorem 4.26. Let V' be an effectively given valuation domain with an
algorithm which, given a,b € V, answers whether a € rad(bV'). Let n € N.
Then there is an algorithm which, given ¢/v a pp-pair and 9;/& a pp-pair
for each 1 <1i < n, answers whether:

(0/%) QU (9:/&) -

Proof. By lemma given a pp-pair ¢ /¢ we can effectively check whether
(¢/1) is non-empty.

Again using lemma given a pp-pair ¢/, if (¢/1) is non-empty we can
effectively find a;,b; € V\{0} and g;, h; € m such that:

80/,(# UWaJ7 bj,9;5,h,

and for each i, if (¥;/&) is non—empty we can effectively find oy, Bix €
V\{0} and 7; 1, 0; , € m such that:

(191/52) = U Wai,k,ﬂi,km,kﬁi,k
i,k
15



Therefore it is enough to check for each j whether:

Waj,bj,gj,hj < UWai,kaﬁi,kﬂi,kaéi,k'
ik
By lemma [£.25] there exists an algorithm which determines the truth of the
above statement. g

5. DUALITY

In this section we will discuss the duality map for the Ziegler spectrum of
valuation domains. The results in this section are used in section [6l It
is unnecessary to invoke duality in the sense that the results of this paper
may be obtained by more elementary methods. These elementary methods
involve calculating the size of pp-quotients in certain uniserial modules (see
[Grell]). Considering the duality map means that we have to do fewer of
these computations.

A duality between the lattice of right pp-n-formulae and the lattice of left
pp-n-formulae was first introduced by Prest [Pre88, Section 8.4] and then
extended by Herzog [Her93| to give an isomorphism between the lattice of
open sets of the left Ziegler spectrum of a ring and the lattice of open sets
of the right Ziegler spectrum of a ring.

Definition 5.1. Let ¢ be a pp-n-formula in the language of right R-modules
of the form 3y(z,y)H = 0 where T is a tuple of n variables, § is a tuple of |
variables, H = (H' H")T and H' (respectively H") is a n x m (respectively
Ixm) matriz with entries in R. Then Dy is the pp-n-formula in the language

, _
of left R-modules 9z H ) =o.

I
0 H” z
Similarly, let  be a pp-n-formula in the language of left R-modules of the

form EIng( = 0 where T is a tuple of n variables, § is a tuple of |

| < 8

variables, H = (H'" H") and H' (respectively H") is a m X n (respectively
mx1) matriz with entries in R. Then Dy is the pp-n-formula in the language
of right R-modules 3Z(Z, 2) < é, HO,, ) =0.

Note that the pp-formula a|z for @ € R is mapped by D to a formula

equivalent with respect to Tr to xa = 0 and the pp-formula xa = 0 for
a € R is mapped by D to a formula equivalent with respect to Tg to alx.

Theorem 5.2. [Pre88, Chapter 8] The map ¢ — Dy induces an anti-
isomorphism between the lattice of right pp-n-formulae and the lattice of left
pp-n-formulae. In particular, if @, are pp-n-formulae then D(p + 1) is
equivalent to Dp A DY and D (¢ A1) is equivalent to Dy + D.

This gives rise “at the level of open sets” to a homeomorphism from the left
Ziegler spectrum of R to the right Ziegler spectrum of R. To be precise:
16



Theorem 5.3. [Her93| The map D given on basic open sets by
(¢/¢) = (Dy/Dy)

is a lattice isomorphism from the lattice of open sets of Zgp (respectively
rZg) to the lattice of open sets of rZg (respectively Zgp ). Moreover,

D?:7gp — Zgg
18 the identity map.

It is unknown whether this lattice isomorphism always comes from a homeo-
morphism or even if this map always comes from a homeomorphism between
Zgpr and rZg after identifying topologically indistinguishable points in both
spaces.

For a commutative ring R we identify the left and right Ziegler spectra.

In the case of valuation domains we are in the lucky position of having a
very canonical homeomorphism which give rise to this map.

Proposition 5.4. Let V' be a valuation domain. The map t : Zgy, — 7gy :
N(I,J) — N(J,I) is a well-defined homeomorphism. Moreover, t induces
the lattice isomorphism D given in theorem[5.3

Proof. First we note that t is well-defined since (I, J) ~ (K, L) if and only
if (J,I) ~ (L, K).
Claim: For any a,b € V\{0}, g,h € m and pair of ideals (1, J), (I,J) €
Wa,b,g,h if and only if (J, I) S Wb,a,h,g-
Suppose (I,J) € Wy p 4.1 then there exists (K, L) such that (I,J) ~ (K, L)
and a ¢ K, ag € K, b ¢ L and bh € L. Therefore (L, K) € Wy 41,4 and
(J,I) ~ (L,K) so (J,I) € Wy a4 The reverse direction is by symmetry.
Therefore ¢ is a homeomorphism and

N(I,J) € (vrag =0Ablz/ra =0+ bhlz) if and only if

N(J,I) € (xbh =0 Aalx/xb =0+ ag|z) .

Since t is a homeomorphism, it induces an automorphism t'** on the lattice
of open sets of Zg;,. From the fact that D and ¢ are equal on a basis of
the lattice of open sets of Zgy, (by a basis of a lattice L we simply mean a

subset B of L such that every element of L can be written as a supremum
of elements in B) we get that t** and D are the same automorphism. [

We call a homeomorphism from Zgp to rZg which gives rise to the lattice
isomorphism in a duality homeomorphism for Ziegler spectra.

The following result is essentially due to Herzog [Her93| (although it is not
explicitly stated).

Theorem 5.5. If D : Zgp —r Zg s a duality homeomorphism for Ziegler
spectra, @/ is a pp-pair and N is a pure-injective indecomposable (right)
R-module then

Dy(DN) ’
Do(DN)|’
17



Proof. If |p(N)/¥(N)| and |DY(DN)/Dp(DN)| are always either 1 or
infinite for all pp-1-formulae ¢, % then the statement is true by definition.
Suppose [p(N)/1(N)| is finite but not equal to 1 for some pp-pair /.
Then there exists a pp-pair ¢/7 which is N-minimal i.e. o(N) D 7(N) and
for all pp-1-formulae 0, o(N) 2 6(N) D 7(N) implies either o(N) = §(N)
or O(N) = 7(N). Then N is reflexive in the sense of Herzog [Her93, page
51], that is, there exists a pp-pair y/7 such that for all indecomposable
pure-injective modules U in the closure of N (with respect to the Ziegler
topology), x/7 is either U-minimal or x(U) = 7(U). So, now by [Her93|
Theorem 6.6] and the modularity of the lattice of pp-formulae,

’ () ‘ e ))| _ ‘ Di(DN)
o A () (V) (D A DU)(DN) |’

Putting this together with proposition [5.4] we get that:

Proposition 5.6. Let V' be a valuation domain. For all proper ideal I, J<1V
and all pp-pairs ¢ /1 we have that

o (N (L, 1)) /Y (N(IL, J))| = [Dy(N(J, 1))/ De(N(J, 1)) -

6. FINITE INVARIANTS

We start by recalling some useful results from the model theory of modules
over valuation domains.

A module M is called uniserial if its lattice of submodules form a chain.
Clearly every submodule and quotient module of a uniserial module is also
uniserial. Less obviously we have the following theorem due to Ziegler.

Theorem 6.1. [Zie84] Every indecomposable pure-injective module over a
valuation domain is the pure-injective hull of a uniserial module and the
pure-injective hull of a uniserial module is indecomposable.

Despite pure-injective modules over valuation domains not in general being
uniserial, they are uniserial as modules over their endomorphism ring (see
[Pun01]) and thus we get the following theorem and corollary:

Theorem 6.2. [Pun01, Corollary 11.5] If M is an indecomposable pure-
injective module over a wvaluation domain then for any two pp-formulae

p(x), ¥ (x) either p(M) C (M) or (M) S o(M).

Corollary 6.3. Let N be an indecomposable pure-injective module over a
valuation domain V. If ¢ := Y . @; and ¢ = Ajip; where @; and 1 are
pp-formulae then [o(N)/¥(N)| = max;; |¢i(N)/1¥;(N)].

Bearing in mind that we have effective procedures for rewriting pp-formulae
in the form 7 | (za; = 0 A bi|z) and A, (za; = 0+ b|z) (lemma [4.1)),
(zag=0)A(b|z)
(za=0)+(bh|x)

it is enough to consider invariant sentences of the form >m

where a,b € V\{0} and g,h € m.
18



If V is a valuation domain with infinite residue field then the only finite V-
module is the zero module. Since [PPT07] already dealt with finite invariant
sentences for valuation domains with dense value groups we won’t include
results for this case. Thus in this section we will focus on valuation domains
with non-dense value group and finite field residue field.

Let R be a commutative ring. For every indecomposable pure-injective
module N the set of r € R whose action on N is not bijective is a prime
ideal of R (see for instance [Zie84] Theorem 5.4]). We call this prime ideal
the attached prime of V.

For a valuation domain V the attached prime of N(I,J) is I# U J#. This
follows easily from lemma [4.3] the reformulation of the equivalence relation
~ just after lemma and the definition of I# and J#.

Lemma 6.4. Let V' be a valuation domain with finite residue field. Let @,
be pp-1-formulae and let I,J <V . If ‘w(N )‘ is finite and not equal to 1

then either I =m or J# = m.

Proof. Suppose ‘%‘ is finite and not equal to 1. There exists a pp-1-
formula 9" such that o(N) 2 ¢/(N) 2 ¢(N) and ¢/4’ is an N-minimal pair.
@(NV) PN) p(N)
P(N) P'(N) P(N)
©(N) 2 ¢/(N). Suppose N has attached prime p not equal to m. Then,
for all » € p and all non-zero x € N, xr has strictly greater pp-type than
x by [Pre88, Chapter 4 section 4.4]. Hence if x € p(N) then xr € ¢'(N).

Therefore :;,((]]VV)) is an V/p-module. All r ¢ p act as automorphisms on N.

(N)

Hence % is a V,/p-module (i.e. vector space) and therefore infinite or

Since ‘ is finite,

is finite and ‘ is not equal to 1 because

the zero module since V/p is of infinite size.

Therefore, if EN;

Thus, I# U J# = m. Therefore either I# =m or J# = m. O

is finite and not equal to 1 then its attached prime is m.

For a valuation domain V with dense value group and finite residue field
the situation is significantly simpler. If p(N(I,J))/¢¥(N(I,J)) is non-zero
and finite for some pp-pair ¢/ then either I = am and J = bm for some
non-zero a,b € V or I = aV and J = bV for some non-zero a,b € m (see
[PPTO07, Section 7).

A valuation domain having non-dense value group exactly means that its
maximal ideal is principal. It is easy to derive from this that I# = m if and
only if I is principal. Thus for all I <V with I# = m there exists a € m such
that (I : @) = m. Thus we need only consider finite invariant sentences for
indecomposable pure-injective modules of the form N(I,m), N(m,J) and
N(m,zV) where x € m\{0}, I* C m and J# C m.

Lemma 6.5. Let V' be a valuation domain with residue field consisting of q
elements. Then any finite non-zero module is of size q" for some n € N.
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Proof. Suppose M is a finite non-zero V-module. Let
M=M,2...2 M2 M 20= M

be a chain of submodules of M such that each quotient M;;1/M; is cyclic.
Every finite cyclic (non-zero) module is isomorphic to V/m® for some w € N
and V/m" has ¢" elements. O

Note that the above lemma implies that for any pp-pair ¢/v and any V-

i‘;g%% ‘ is infinite.

module M, ‘%’ = ¢" for some n € Ny or

Lemma 6.6. Let V be a valuation domain with non-dense value group and

finite residue field. Let ¢ be the pp-1-formula (xag = 0 A blx) and let ¢ be

the pp-1-formula (xa = 0+ bh|x) where a,b € V\{0} and g,h € m. If z € m
Vv xV

is such that N(m,zV) € (¢/1) then
Vv abV
% abghV 2V | [

’ N(m,a:V))‘ , { Vv
— = min } |—
(N (m,zV)) gV
Proof. The type p(zV,m) is realised by 1 in the module V/zV. Since V/zV
is uniserial, N (zV, m) is isomorphic to the pure-injective hull of V/zV. Thus
V/xV and N(zV,m) are elementary equivalent. So we need only calculate

the size of ‘pg‘éﬁ‘ég

Note that, by proposition (i) the point (zV,m) is an abnormal point
since m is principally generated and thus V' = tm for some ¢t € V\{0} and
m? # m. Note that abm 2 am if and only if ab ¢ zV. So, by lemma
the condition that N(m,zV) € (¢/1) means that ab ¢ xV and abgh € zm.
Thus bV D (zV : a) and bhV C (zV : ag).

The solution sets of the formulae zag = 0, blx, za = 0 and bh|x in V/xV
are (xV :ag)/zV, bV/zV, (xV : a)/zV and (bhV + zV')/xV respectively.
Thus

K )

p(V/zV) _ min (xV :ag) (xV :ag) bV bV
1/1 »(V/zV) (zV :ia) | 7| bRV 1@V ia)| T|bAV ||
Since V is a domain, (ET V‘Z‘] V/gV, xg;ﬂc/bg) >~ 2V /abghV, (x@'/:a) o
abV/zV and bl;z‘(/ =V/hV. O

Proposition 6.7. Let V be a valuation domain with non-dense value group
and finite residue field consisting of q elements. Let ¢ be the pp-formula
(rag = 0 A blx) and let 1p be the pp-formula (xra = 0 + bh|x) where
a,b € V\{0} and g,h € m. Suppose I <V is a proper ideal such that
I#* Cm. Then

’gO(N(I m) 1, ifabel orabgh¢I org¢ I7;
m‘:

q°, ifab¢ I, abgh €1, g€ I and hV =m";
oo, otherwise.
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Proof. By lemma if ‘ (N e(N (I, m;%‘ is finite then it is either of size 1 or ¢

for some v € N.
From theorem [4.7| and lemma [4.9) we have that N(I,m) € (¢/v) if and only

if ab ¢ I, abgh € I and g € I*. So )‘ =1 if and only if ab € I or
abgh ¢ I or g & I*.

We now assume that ab ¢ I, abgh € I and g € I7.

Note that the pp-type p(I, m) is realised by 1+1 in the uniserial module V/I.
The pure-injective hulls of uniserial modules are indecomposable (theorem
and thus the pure-injective hull of V/I is isomorphic to N (I, m). Every
module is elementary equivalent to its pure-injective hull. Hence

e (V/D) /9 (V/ D) = [o(N (I, m)) /(N (I, m))].
The pp-subgroup defined by (za = 0+ bh|z) in V/I is
(I:a)+bhV
—

Note that bV 2 I since ab ¢ I. The pp-subgroup defined by (xag = 0 A b|z)
in V/I is

b

(I:ag)nbdV
—
Thus the pp-quotient defined by ¢/ in V/I is
(I:ag)ndV
(I:a)+bhV’
Since V/I is uniserial,
(I:ag)NbV | o (I:ag) (I:ag) bV bV
(I:a)+bhV| (I:a)| | AV |7 |(L:a)| |bAV ]~
Thus
(I:ag)nbV | min 1 1 abV’ v
(I:a)+bhV| Ig| ’ |abghV I ars

Note that any finite non-zero uniserial module is cyclic and further isomor-
phic to V/m™ for some n € N. Thus, since I is not principally generated,
the first three quotients are infinite. Thus

sy - [l =0

U

hV
if and only if AV =m". O

Using section 7 we get the dual statement as a corollary. This statement
could alternatively be proved by elementary but tedious calculations (see
[Grell]). This corollary will not be used later but we include it to show

explicitly how the duality works.
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Corollary 6.8. Let V be a valuation domain with non-dense value group
and finite residue field consisting of q elements. Let v € N, let ¢ be the
pp-formula (zag = 0 A blz) and let v be the pp-formula (xa = 0 + bh|z)
where a,b € V\{0} and g,h € m. Suppose J AV is a proper ideal such that
J#* Cm. Then

1, ifabel orabgh¢I org¢ I7;

N(m,J
W‘ ={ ¢, ifab¢ J, abgh€ J, h e J* and gV = m?;
YN (m, J)) oo, otherwise.
Proof. By proposition
V)| | DUV )
S(N(m, 7)) | = | Do(N(T,m)
Note that Dy is (ag|z+xb = 0) and D is a|x Axzbh = 0. Thus, proposition
gives the required statement. O

By a boolean combination of conditions on an ideal we mean a boolean
combination A of conditions of the form r € I and s € I# where r,s € V.
We will say that an ideal J <1V satisfies A if when we replace the symbol
I by J the statement is true. We will write L for the condition on an
ideal which is false for all ideals. In what follows, when V is an effectively
given valuation domain with non-dense value group, k£ will denote a fixed
generator for the maximal ideal of V.

Proposition 6.9. Let V be an effectively given valuation domain with non-
dense value group and finite residue field consisting of q elements.

(i) There exists an algorithm which, given v € N and ¢, pp-1-for-
mulae, produces A a boolean combination of conditions on an ideal,
such that for all I <V, I satisfies A\ if and only if I C m and

(N (I, m))
Y(N(I,m))
(i) There exists an algorithm which, given v € N and ¢,v pp-1-for-

mulae, produces A a boolean combination of conditions on an ideal,
such that for all J <V, J satisfies A if and only if J* C m and

‘ J))
(N (m,J))
Proof. (i) We start with the special case where ¢ is xa = 0 A S| and ) is

xy = 0+ é|x for some a, B,7v,d € V.
First note that if « ¢ ym, 6 ¢ fm, v = 0 or = 0 then for all V-modules

(M) | _ ¢ym,6¢ pm,y=0o0r g=0.

v

v

In this situation let A =1.
Otherwise let a =, b=, g =«a/y and h =¢/p.
By proposition if I#* C m, the following statements are equivalent:
so(N 1 m) |
(1) |55 \ 0"
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(2) abgh€1I,ab¢ I, g€ I and h = m”.
The condition hV = m? is equivalent to k¥ divides h and k¥*! does not

divide h. This can be effectively checked. So, if m¥ £ AV, let A =1. If
k'V = hV, let A be

(abgh € ) A (ab ¢ I) A (g € T?*) A (k ¢ T7).
Now suppose that ¢ and v are arbitrary pp-1-formulae. By lemma [4.1] we

can effectively rewrite ¢ as > | ¢; where ¢; is (za; = 0 A bjz) and @
as /\;n:1 1; where ; is (zc; = 0 + dj|z). Then by corollary for any
@i(N)

pure-injective module NV
p(N) { }
——C| = max; ; :
‘d}(N ) 7 U ()

We can now use the above special case to effectively produce an appropriate
boolean combination of conditions on an ideal.

(ii) Taking the dual of a pp-formula is clearly effective. Thus we may now
use section [5| to get the dual statements. ([

Proposition 6.10. Let V be an effectively given valuation domain with an
algorithm which, given a,b € V, answers whether a € rad(bV'). There exists
an algorithm which, given a boolean combination of conditions on an ideal
A, answers whether there is an ideal J 1V satisfying A.

Proof. In order to show that we can effectively decide whether there exists
an ideal J <V satisfying a given boolean combination of conditions on an
ideal, it is enough to show that we can effectively decide whether there exists
an ideal J <V satisfying a condition of the following form:

k l m n
=) | Arged /\(/\sh§éJ>/\</\ti€J#>/\ N\ uj ¢ J*
9=1 h=1 i=1 j=1

where k,1,m,n € Nand ry, sy, t;,u; € Vior1 <g<k,1<h<[,1<i<m
and 1 <j <n.

Since V is a valuation domain, any finite set of ideals has a smallest and
a largest element. Let r € {r, | 1 < g < k}, t € {t; | 1 < i < m},
se{sp |1 <h<I}and u € {u; | 1 <j <n} besuch that r generates the
ideal 25:1 ryV, t generates the ideal >\, ¢;V, s generates ﬂﬁlzlshV and u
generates ﬂ?zlujV. The elements r, s,t and u can be found effectively.
Note that J <1V satisfies (x) if and only if r € J, s ¢ J, t € J# and u ¢ J*.

Claim: For any r,s,t,u € V, there exists J<V such thatr € J, s ¢ J, t € J#
and u ¢ J7 if and only if s divides r, u ¢ rad(tV) and u ¢ rad((r/s)V).
Suppose J <V andr € J, s ¢ J, t € J* and u ¢ J#. Since J¥ is prime
and t € J#, rad(tV) C J#. Therefore u ¢ rad(tV). Clearly s divides r. Let
v =r/s. Then s ¢ J and s € J so v € J#. Therefore rad(yV) C J# so
u ¢ rad(yV).
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Suppose s divides r, u ¢ rad(tV) and u ¢ rad((r/s)V). Let v = r/s and
J = s(rad(tV) Urad(yV)). Then J# = rad(tV) Urad(yV) so t € J# and
u ¢ J#. Clearly s ¢ J and v € rad(7V) so r = sy € J. O

By a boolean combination of conditions on an element we mean a
boolean combination A of conditions of the form = € rV where r € V. We
will say that an element w € V satisfies A if when we replace the symbol z
by w the statement is true. We will write L for the condition on an element
which is false for all elements.

Lemma 6.11. Let V be an effectively given valuation domain with non-
dense value group and finite residue field consisting of q elements. There
exists an algorithm which, given v € N and @, pp-1-formulae, produces A,
a boolean combination of conditions on an element, such that for all x € V,
x satisfies A if and only if x € m and

e

Y(N(m,2V)) |~

Proof. We start with the special case where ¢ is za = 0 A S|z and 9 is
xy = 0+ 6|x for some a, B,7v,d € V.

As in proposition [6.9)if o ¢ ym, § ¢ fm, v = 0 or § = 0 then for all V-
modules M, % = 1. We can effectively check if o ¢ ym, § ¢ fm, v =0
or = 0. In this situation let A =_1.

Otherwise let a =, b=, g=«a/yand h =4¢/p.

For z € m, N(m,zV) is an abnormal point since m? # m (see proposition
(i)). Thus N(m,zV) € (p/1) is equivalent to abm 2 zm and abgh € xm
since g,h € m. Note that since m is finitely generated, abm 2 xm if and
only if ab ¢ zV.

By lemma [6.6] if N(m,zV) € (p/1) then
'SO(N (m, zV))
(N (m,zV))

=

if and only if
V/gVI=q", [V/hWV] = q", |aV/abghV| = q" , [abV/xV] = ¢".

Note that if ¢,d € V with d € ¢V then |cV/dV| > ¢" if and only if d € em". If
g ¢ mY or h ¢ m” then let A =1 (note that this can be effectively checked).
Otherwise, let 7 = g/kV (we can effectively calculate ). Note that the
condition = ¢ abrhkV is the same as abrh € zV, which is the same as
abgh € zk"V.

Let A be

x € abk’V AN x ¢ abrhkV.
For arbitrary pp-formulae use lemma [£.1] and corollary [6.3] as in proposition

6.9 g
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Lemma 6.12. Let V' be an effectively given valuation domain. There exists
an algorithm which, given A a boolean combination of conditions on an
element, answers whether there exists x € V satisfying A.

Proof. In order to show that we can effectively decide whether there exists
x € V satisfying a given boolean combination of conditions on an element, it
is enough to show that we can effectively decide whether there exists z € V
satisfying a condition of the form:

n m

A= N@erV)n Nz ¢sV)

i=1 j=1
where n,mm € Nand r;,s;, € Vfor1 <i<nand1l<j<m. Since V is a
valuation domain, N}"_;7;V is generated by one of the r;s, say r. Note that
we can effectively find such an r. Again, since V is a valuation domain, we
may effectively find s € V' amongst the s;s which generates U7, s;V.
There exists x satisfying A if and only if there exists z € V such that x € rV
and x ¢ sV if and only if sV C rV if and only if s € rm. Given any r,s € V
we can effectively answer whether s € rm. O

7. MAIN THEOREM

Theorem 7.1. Let V' be an effectively given valuation domain. The follow-
g are equivalent:
(i) The theory of V-modules, Ty, is decidable.
(ii) There exists an algorithm which, given a,b € V, answers whether
a € rad(bV).

Proof. For the cases where V' has infinite residue field or dense value group
we refer the reader to the proofs of Theorem 6.2 and Theorem 8.2 of
[PPTO7] where the only missing ingredient for valuation domains with non-
archimedean value groups is an algorithm for answering whether one Ziegler
basic open set is contained in a finite union of others (we produced such an
algorithm in section .

Let V be an effectively given valuation domain with finite residue field and
non-dense value group such that there is an algorithm which, given a,b € V'
answers whether a € rad(bV). First note that since V is effectively given,
Ty is recursively axiomatised. Hence we have an algorithm which produces
a list of all sentences true in all V-modules. In order to show that Ty is
decidable, it is enough to effectively produce a list of sentences which are
true in at least one V-module. The Baur-Monk theorem means it is enough
to show that there is an algorithm which given a conjunction of invariant
sentences and negations of invariant sentences y, answers whether there
exists a module M satisfying y. Suppose x is a conjunction of the following
sentences:

2
¥
—5
L
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where [,m,n € Nand forall 1 <i <[, 1<j<m,1<k<n, ¢, i1,<pj2~,
]2-, @2, @/}2 are pp-1-formulae and v;, w; € N.

It is enough to consider sentences of this form as any finite V-module is

either the zero module or has ¢V elements for some v € N, by lemma [6.5

If 7 is a conjunction of invariant sentences like those in (1), (2) and (3) then

we call Zézl v; the exponent of the statement.

We proceed by induction on Zizl v;.

First consider the situation when Zi-:l v; = 0, that is, (1) is empty. Suppose

there exists a module M satisfying y. We may assume M = &P pem N for

some finite indexing set M. Therefore, for each 1 < j < m, there is u € M

such that

%Q‘(N u)

V2N,

and for all p € M and all 1 <k <mn,
@ (Vo)
Vi(Nu)

Hence, for each 1 < j < m, there exists N, such that N, € (903/11132) and

N, ¢ (goz/wi’) forall 1 <k < n. For each 1 < j < m, let N; be such a

t
module. Then there exists ¢ € N such that (@;n:l Nj) satisfies (2) and (3).

Hence, there exists a module M satisfying (2) and (3) if and only if for all
l<j<m

202 ¢ | (/).

k=1

Theorem [4.26] asserts that there exists an algorithm to check this, so we are
done.

Now suppose L := Zi:l v; > 0, so (1) is not empty and that for any
conjunction © of invariant sentences and negations of invariant sentences
with exponent strictly smaller that L, there is an algorithm which answers
whether there exists a module M satisfying ©.

Suppose there exists M satisfying x. We may assume M = P peM N, where
M is a finite indexing set and each N, is an indecomposable pure-injective
module. Hence there exists p € M such that

1
< ‘P%(Nu) <
U1 (Np)
and for all y e M, foralll <i<landforall1<k<n
i (N, @p(Nu)
Ui (Ny,) Ui(Ny)

U1

< ¢ and
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Let U be the set of functions u : {1,....,l + m} — Ny U {oo} such that
1 <u(l) <wy, forall 2<i<I,0<u() <wv; and for all 1 < j < m, either
0 <u(l+j) < w;or u(l + j) = co. Note that U is a finite set.

We now show that for each u € U we can effectively answer whether there
exists an indecomposable pure-injective V-module satisfying the following
sentences forall 1 <i:<[,1<j<mand 1<k <n:

@) |5 = .
2 . 2
(i) If u(j +1) # oo, | 75| = ¢"U™). Otherwise | 72| > ¢*7.
5 J
3
(iif) |7h] = 1.

Since 1 < u(1), by lemma [6.4]if I, J < V are such that N (I, .J) satisfies (i),
(ii) and (iii) then either I* = m or J# = m. So, if N (I, J) satisfies (i), (ii)
and (iii), then we may assume either ] = m and J = zV for some = € m,
I=mand J¥* Cmor.J=mand I” Cm.

Therefore it is enough to show how to answer the following 3 questions
effectively:

Question 1: Does there exist € m such that N(m,zV') satisfies (i),(ii) and
(iif)?

By lemma [6.11} given any sentence ‘%‘ > ¢¥ where ¢, ¢ are pp-1-formulae

and v € N we can effectively produce 2 a boolean combination of conditions
on an element such that x € V satisfies 0 if and only if z € m and

’W’ > ¢Y. Lemma [6.11] lemma and the fact that the statement

m,xV
x € m is expressed by a boolean combination of conditions on an ideal imply

that given any sentence ‘%‘ = ¢¥ where @, 1) are pp-1-formulae and v € Ny we

can effectively produce €2 a boolean combination of conditions on an element

such that z € V satisfies ) if and only if z € m and ’W

m,zV)) ’ - q”‘

Hence we can effectively produce a boolean combination of conditions © on
an element x € V such that x satisfies © if and only if x € m and N(m,zV)
satisfies (i), (ii) and (iii).
By lemma [6.12] we can effectively decide whether there exists z € V
satisfying ©.
Question 2: Does there exist I <1V such that I# C m and N(I,m) satisfies
(1), (ii) and (iii)?
Note that I# C m can be expressed by a boolean combination of conditions
on an ideal. Use proposition (1) to produce © a boolean condition on an
ideal such that I <1V satisfies © if and only if I#* C m and N(I, m) satisfies
(i), (ii) and (iii). By proposition we can effectively decide whether
there exists I <V satisfying ©.
Question 3: Does there exist J <1V such that J# C m and N(m,J) satisfies
(1), (ii) and (iii)?
Same as question 2 replacing proposition (1) by proposition (ii).

27



Let U* be the set of u € U such that an indecomposable pure-injective N
exists satisfying (i),(ii) and (iii). If &/* is empty then there does not exist a
module M satisfying (1), (2) and (3).

For each u € U* we effectively produce a new list of sentences (1)%, (2)
and (3)". For each u start with (1)* and (2)" empty, and (3)" containing
all sentences in (3).

For each 1 < i <[, if u(i) < v;, add the sentence

1

£ = 0 o (1)

If u(i) = v;, add the sentence % =1 to (3)*. For each 1 < j < m, if
2 .

u(l + j) < wj, add the sentence % > qui—ull+) to (2)v.
J

Now there exists a module M satisfying (1), (2) and (3) if and only if there
exists a module M’ satisfying (1)%, (2)* and (3)“ for some u € U*.

Note that for each v € U* the exponent of the conjunction of conditions in
(1)" is strictly smaller than L = 22:1 v;. Hence by the induction hypothesis,
for each u € U* there is an algorithm which answers whether there exists a
module satisfying (1)*, (2)* and (3)".

The other direction is lemma [3.2 O

8. AN EFFECTIVELY GIVEN VALUATION DOMAIN WITH UNDECIDABLE
THEORY OF MODULES

In this section we sketch how to construct a valuation domain with infinite
Krull dimension which has decidable theory of modules with respect to one
effective presentation and undecidable theory of modules with respect to
another. We do this by constructing a recursively presented totally ordered
abelian group I' (which is classically isomorphic to @®,Z) such that the
relation < on I, given by a < b if and only if n|a| < |b] for all n € N,
codes up a recursively enumerable but not necessarily recursive set. We
then construct an effectively given valuation domain V out of fractions of
polynomials with exponents in I' such that the < relation on I' becomes the
radical relation on V.

In contrast, we show that valuation domains with finite Krull dimension
have decidable theory of modules with respect to any effective presentation.

Group construction: Let f : N — N be an injective recursive function.
Let T" be the free abelian group generated by the set {N;|i € N} U {¢;|i € N}
with the relation ¢; = nN; holding for n € N if and only if f(n) = i. Note

that for n;,m; € Z
t ¢
ZniNi + Zmiei =0
i=1 i=1

if and only if
niN; + mie; =0
for all 1 <7 <t. Now, for i € N,
niN; + mie; =0
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if and only if n; = m; =0, or, m; # 0, —n;/m; € N and
—ni/m;N; = €

if and only if n; = m; =0, or, m; # 0, —n;/m; € N and f(—n;/m;) =i. So
we can compute equality of elements in our group.

We now put an order on I'. Set 0 < nlV; < N; for all n € N and 7 < j. Set
ne; < Nj for all n € Nand all ¢ < j. Set nV; < ¢ if i ¢ {f(1),..., f(n)}.

Note that
t t
ZniNi + Zmiei >0
i=1 1=1

if and only if there exists a 1 < j <t such that for all ¢ > j
n;N; + m;e; =0 and anj + mje; > 0.

Thus there is a recursive presentation of I' as a totally ordered abelian
group such that the sets {N; | i € N} and {¢; | i € N} are recursive. Let this
recursive presentation be given by a bijective map Ay : N — I'. Now ¢ ¢ im f
if and only if V; < ¢;. So if the image of f is recursive then the relation
< is recursive and if the image of f is not recursive then the < relation is
not. Note that this group is classically isomorphic to &7 lexicographically
ordered.

Valuation domain construction: Let F' be any recursive field. Let
mo : N — FT be a recursive presentation of the group ring FT such that the
map vg : FT' — T" U {oo} given by

3 gt { min{g | ag # 0}, if ¥, agt? # 0;

00, if > geragt! =0

induces a recursive function via my and A¢. The field of fractions F'(I") of the
group ring FT" may be coded up by pairs in FT' (since we can decide whether
two pairs are equal we may take representatives in order to get a bijection).
Let 7 : N — F(T') be such a presentation. The map v : F(I') — I' U {oo}
given by v(a,b) = vg(a) — vg(b) now induces a recursive function from N to
N via 7 and Ay.

Note that v defines a valuation on the field F(I") and is recursive. Thus v
defines a valuation domain V' as a recursive subset (via 7) of F/(I'). Therefore
we may now define a recursive presentation p of V' so that v restricted to
V is recursive via p and Ay. There is a function 7 from I'> to V such that
vT(g) = g for all g € I'> which is recursive via p and Af (simply define 7(g)
to be r € V such that p~!(r) is least such that v(r) = g).

Suppose g, h € I'sg. Then ng < h for all n € N if and only if 7(g)" ¢ 7(h)V
for all n € N, which is if and only if 7(g) ¢ rad(7(h)V). Thus the radical
relation on V is recursive if and only if the < relation on I' is recursive. So,
if we take f in our group construction to have recursive image then V has
decidable theory of modules with respect to p. On the other hand, if we
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take f with non-recursive image then V has undecidable theory of modules
with respect to u.

The same construction would still work if we replace @®,,Z lexicographically
ordered by ®,Q lexicographically ordered. Thus non-density of the value
group is not important.

The following proposition shows that the phenomenon described above
cannot happen when the Krull dimension of V' is finite.

Proposition 8.1. Let V' be an effectively given valuation domain with finite
Krull dimension. Then the theory of V-modules is decidable.

Proof. Suppose V has prime ideals
Pmi=m 2 .. 2 P2 2 p1 2 po = 0.

For 0 < i < m fix b; such that rad(b;V) = p; and let by = 1. We
describe an algorithm which given a € V outputs 0 < ¢ < m + 1 such that
rad(aV) = rad(b;V). If a = 0 then output 0. Now assume that a € m
is non-zero and find 0 < ¢ < m + 1 such that a € b;11V and a ¢ b;V.
Such an i exists since a is non-zero and we can do this effectively since V is
effectively given. Thus rad(aV) = rad(b;V) or rad(aV) = rad(bi+1V'). Now
a € rad(b;V) if and only if there exists an n € N such that a™ € b;V and
bit1 € rad(aV) if and only if there exists an n € N such that b}, € aV.
Exactly one of these two possibilities must occur. Thus, in order to check
whether rad(aV) = rad(b;V) or rad(aV) = rad(bj+1V) we must for each
n € N ask whether b7, ; € aV or a" € ;V.

Now if we are given a,c € V we may effectively find 0 < 4,57 < m such
that rad(aV') = rad(b;V') and rad(cV) = rad(b;V). So i < j if and only if
a € rad(cV). O
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